An Implementation of a Near-Linear Polygon
Triangulation Algorithm for General Polygons

Abstract

In 1991 Seidel found a practical algorithm for triangulating simple polygons with
an expected running time of O(n log* n). This paper describes an implementation
of his routine, and shows how the theoretical time bound compares to the
experimental. Several generalizations and optimizations of his routine are
discussed, and the final result is an algorithm that can triangulate any set of
overlapping and self-intersecting polygons and lines in the plane with near-linear
expected running time. The implementation is completed with a set of functions
that will graphically display any step of the algorithm.

1 Introduction

The problem of triangulating a simple polygon is an old and important computational
problem. It can be simply stated as finding al the diagonals from one vertex to another in
agiven polygon that will partition the polygon into a set of triangles. A simple polygon is
a polygon that has no self-intersections, n edges and n vertices. Polygon triangulation is
used in many areas, and the search for optimal algorithms to compute it has a long history.
Polygon triangulation is an

essential  problem in computational

geometry. Working with a set of

triangles is in most cases faster than

working with the entire polygon, as the

answers to queries often can be found

by searching only localy. Many

algorithms assume that the polygon is

aready triangulated, and several would

not be possible without the

triangulation. Given a triangulation,

Figure 1. A triangulated polygon. The red edges are other partitions such as convex or star
zfggeino;gﬁﬁgg’ugc‘g the black lines are the polygons can easily be found in linear

' time. Some algorithms that rely entirely

upon partitioned polygons are character recognition [O’Rourke], shading [Fournier &

Montuno] and shortest path [Guibas et al.].

Given its importance, a lot of effort has been put into finding a fast poI%/gon
triangulation routine. The naive recursive triangulation of a polygon runs in time O(n°) by
cutting ears from the polygon. O(n?) agorithms have been known since at least 1911
(Lennes; see [O'Rourke]). But it wasn't until 1978, when Garey et al found an O(n log n)
algorithm, that real work started in this field. A variety of new agorithms were found,
pushing the limit further and further down. In 1984 it was shown that given a



trapezoidation of a polygon, a triangulation could be obtained in linear time (Fournier &
Montuno, Chazelle & Incerpi), and further work focused on finding an efficient way of
computing such a trapezoidation. However, the outstanding open problem in
computational geometry, that of the lower time bound of triangulation, was not solved
until Chazelle found a purely linear algorithm in 1990. This algorithm is very complex,
and has to date not been implemented. In 1991, Seidel found a practical randomized
O(n log* n)! agorithm, which is the one | have chosen to implement. It should aso be
mentioned that in 2000 Amato et al. found a smpler linear agorithm with far less
overhead than Chazelle's, by using randomization as in Seidel’ s agorithm. This would
still be a formidable job to implement with all its details, and the search for a practica
and fast linear triangulation method is still not over. For further information on the
development of triangulation, see for instance [O’ Rourke].

2 Trapezoidation

A trapezoidation is formed by extending a horizontal® ray in each direction from every
vertex, and stopping the ray as soon as it hits another edge. This will divide the plane into
regions by edges and rays, and each such region is a trapezoid®. A trapezoid has a
horizontal upper and lower boundary, and an edge or a piece of an edge as a boundary on
either side. Either the upper or lower boundary may have zero length, in which case the
trapezoid will be atriangle. See figure 1 (4). The set of trapezoids obtained in this manner
is called atrapezoidation, and is unique for any given polygon.
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Figure 2: A trapezoidation of apolygon, (a) without and (b) with trapezoid diagonals

Given the trapezoidation of a polygon, a triangulation can easily be computed in
linear time. Let us consider only those trapezoids that are inside the polygon, as these are
the ones we will want to triangulate. First of al, note that each trapezoid will be empty,
i.e. there will be no vertices or edges inside it. Further note that the upper and lower

! Log* will be properly defined in section 6. For now, it suffices to note that for large n, log* n <<log n.
2 The choice of the direction of the raysisarbitrary, aslong asall are parallel.

3 Technically, regions bounded by +¥ are not trapezoids, but will be considered to be in this paper.



boundary of each trapezoid are created by the extension of rays from vertices, such that
each trapezoid has one bounding upper and one bounding lower vertex. Lower is here
defined lexicographically, i.e. of two vertices with the same y-coordinate, the rightmost
one will be considered lower. This is assumed for all vertices throughout this paper, and
assures us that no edge is being treated as if it was horizontal, and that no trapezoid will
have more than one upper and one lower bounding vertex. In some cases the two
bounding vertices will be onthe same side of the trapezoid, and in other they may be on
opposite sides, or in the middle. Whenever the two vertices are not along the same edge,
one can draw a diagonal between them without intersecting any edges since each
trapezoid is empty. The addition of these diagonals is illustrated in figure 1 (b). The
resulting polygons bounded by edges and diagonals are monotone mountains, see
[O' Rourke] for aproof of this.

Monotone mountains have one edge called the base, which extends from the
uppermost point to the lowermost point®. The rest of the vertices form what is called a
monotone chain, which is characterized by the fact that traversing the polygon from the
top, every vertex will be lower than the previous one. If a monotone mountain is put with
its base extending horizontally, it resembles a mountain range, hence its name.

If the inside angle between two edges of the polygon is less than p, the vertex is
convex. If the triangle described by a convex vertex and its two neighbors contain no
other vertices, the triangle is an ear of the polygon. Any convex vertex of the monotone
chain is the tip of an ear, with the possible exception of the vertices of the base. Cutting
such an ear off from a monotone mountain will aways result in a smaller monotone
mountain. This leads to a simple linear procedure for triangulating such polygons. Start
with alist of al these convex vertices, and run through the list, cutting off each convex
vertex and creating a triangle. For each vertex that is being cut, if its neighbors were not
already convex, see if they have now become convex, and if either one has, add it to the
end of the list. Once you have reached the end of the list, you are done. Needless to say,
the implementation contains this algorithm, but this s straightforward, and will not be
described in further detail. The algorithm is summarized in table 1.

Table 1: Monotone Mountain Triangulation

Initialize an empty list
Add all convex vertices, excluding the endpoints of the base, to the list
While list is not empty
Cut off the corresponding ear of the monotone mountain
Delete the vertex from the list
For the two neighbors of the vertex
if the neighboring vertex is not an endpoint of the base, and was made
convex by cutting off the ear, then add this neighbor to the list

Seeing how trapezoidations can be linearly triangulated, one can understand the
search for fast trapezoidation algorithms that started in 1984. There are many ways of

* This depends on our choice of direction of the rays. With vertical rays the base would extend from the
leftmost to the rightmost vertex.



computing the trapezoidation. All of them build on adding one small subset of the edges
at a time into the current set of regions, creating more regions as one goes along. The
subset can be a sequence of edges, or just one edge, depending on the algorithm. Further,
they rely on two different phases, one to find the place to start adding the current part into,
the second one to insert the subset and create new regions. Time bounds range from
O(n log n) to O(n) depending on the choice of how to do these two phases, and if apart is
simply an edge or a collection of edges. While most of these are deterministic algorithms,
some, like Seilddl’s, are randomized and the time bound is an expected time bound.

3 Seidd's Trapezoidation Algorithm

The choice on which algorithm to implement fell on Seidel’ s algorithm for one reason. It
is the only one of the near-linear agorithms that is feasible to program. The
implementation originally started as a class project in an Algorithms class together with
Alex Burst. We successfully implemented a smple version of this algorithm in
Mathematica. It managed to triangulate simple polygons, and could output graphics and
movies of the trapezoidation. This version never achieved near-linear running time. For
this project, | wanted to improve on the time used by the agorithm, and further
generalize and optimize it. | al'so wanted to compare it to other existing agorithms.

Seidel’s agorithm is a randomized way of computing a trapezoidation. The
complexity analysis is based upon probabilistic expectancies about for instance the depth
of a binary lookup tree. In order to use expectancies, we need to have some random
variables. Nothing is assumed about the input, but it is randomized in the sense that every
order of adding the edges is equally likely. At any stage it will then be equally likely for
the next edge to be added to be any one of the remaining edges. In this way one can use
expectancies to estimate the running time. This will not estimate the worst-case behavior,
but it is unlikely that the actual running time will be significantly worse than the expected
running time.

Any trapezoidation routine starts with an empty plane, and adds in subset by subset
of the polygon. In Seiddl’s algorithm each subset consists of one edge only: The
algorithm first checks to see if the endpoints of the edge have been added to the
trapezoidation already. Those that have not been added yet are added one by one, and
divide the regions they are added into in two by means of a horizontal ray extending in
each direction from the point. Next the edge is added between the two points. This is
done by starting from the top point, and moving down one region a a time until the
bottom point is reached. For each region traversed in this manner, the region is divided in
two by means of the new edge. Whenever this causes two regions on top of each other to
have the same left and right hand boundary, these two regions are merged into one. Each
of the regions created in this manner will be a trapezoid. Note that in doing this, we never
need to explicitly calculate the intersections of edges and rays, it suffices for each
trapezoid to know which edges and rays it is bounded by.

Since we treat points lexicographically, no two points will be considered to have the
same height, i.e. y-coordinate, and therefore each trapezoid will have only one upper and
one lower bounding vertex, and no more than two neighbors above or below. Further this
means that no edge will be horizontal, and the meaning of “left of” an edge will be well



Figure 3: Addition of edges.

/ (a) Four regions after adding the first edge

(b) Six regions after adding two more points

(c) When adding the second edge, two regionsto
theright of it are merged together
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defined. When the agorithm has split one region during the addition of an edge, it needs
to find the correct region below to move into. If there is only one region, this is trivid, if
there are two, then the correct one can be found by checking whether the endpoint of the
edge being added isto the right or left of the edge that separates the two regions.

The algorithm aso needs to efficiently be able to tell where to place new points in
the current trapezoidation. One way of doing thisis by creating a tree lookup structure for
the trapezoids. The tree starts with only a root representing the original empty plane, and
each time aregion is split in two, the corresponding leaf in the tree is changed into a node
with two children. The node represents the edge or the vertex that split the trapezoid, the
two children represent the two resulting trapezoids. In this way each leaf in the tree
corresponds to a trapezoid of the trapezoidation and each node represents either a vertex
or an edge. By querying whether the point we are adding is above or below a vertex in
the tree, or to which side of an edge it is, we can move down the tree to find the correct
trapezoid containing the point. Lemma 1 shows the expected query time of this tee
structure.

Lemma 1: If edges are added in a random order, then after i edges have been added the
expected depth of the tree will be O(log i).

Proof (sketch; see [Seidel]): The tree is built by splitting the leaves representing the
trapezoids into which a vertex or an edge is added. By randomizing the order in which
the edges are added, at any step, the vertex to be added next resides in any trapezoid with
equal probability, and any leaf has an equal probability of being split. Any new trapezoid
created by the introduction of a vertex thus has an equal probability of being put below
any of the old leaves, so trapezoids will be distributed across the leaves of the tree with



equal probability. An edge splits the trapezoids between its two end points, and since
these are distributed across the tree, so will the new trapezoids be. In total this ensures us
that all the trapezoids will be randomly distributed across the tree. When a tree is
generated by randomly selecting a leaf and splitting it, after | splittings, its expected depth
will be O(log j). Each point added will create one new trapezoid, and due to merging,
each edge will only generate one new trapezoid as well. After the addition of i edges, the
number of trapezoids will be O(3i), and the expected depth of the treeis then O(log 3i) =
O(log i).

Once both the points of the edge have been added to the trapezoidation, the edge
should be added too. Lemma 2 shows that the expected number of trapezoidal boundaries
an edge will have to traverse is O(1), which is a most a constant.

Lemma 2: If edges are added in a random order, then after i edges have been added the
expected number of horizontal rays intersecting an edge not added is at most 4.

Proof: Each point added will make two horizontal rays. Thus after j edges have been
added to the trapezoidation, there are at most 2 points, and at most 4j horizontal raysin
the trapezoidation, each of which may abut upon one other edge. Because of the random
ordering of the edges, any ray is equaly likely to hit the k-th edge added as the I-th edge
added, for some k and | £ j, and the expected number of rays hitting any one edge is at
most 4 / j = 4, for any j. The number of horizonta rays that will intersect an unadded
edge after i random edges have been added, is the same as the number of rays that would
abut upon this edge after addition if this edge were added next, i.e. after j =i + 1 edges
had been added. By the analysis above this number is expected to be at most 4.

This means that the number of horizontal rays an edge hasto cross when it is being
added is O(1), and the number of trapezoids that have to be split is one more. In total this
leads to an agorithm which has an expected running time of O(n log n); expected
constant time for each of n edges, and expected logarithmic time for each of n point
locations. See [Seidel] for further details.

By using the fact that in a polygon all the edges are connected, this time bound can
be further improved upon. The algorithm can be divided into log* n phases, where each
phase first adds in some edges, and afterwards the remaining points are located in the
trapezoidation by traversing edges as described above, but this time without introducing
new regions. Finding the correct trapezoids for new points will now be cheaper, as we no
longer have to start from the root of the tree. We get the following algorithm:

1. Generate arandom ordering of the edges
2. For each of log* n phases do
2.1 For each edge in the current phase do
2.1.1 If endpoints are not added, find them through the tree and add them
2.1.2 Add the edge between the two endpoints
2.2 |If there are more points to add then
L ocate the remaining points in the tree by tracing edges through trapezoids



Assume that step 1 can be done linearly (See [Seidel] for a discussion of this). Step
2.2 will expectedly take O(n) time; the location of at least one point is known in the tree,
and tracing an edge towards the next point is O(1) for each edge, by lemma 2. Step 2.1.2
will take expected constant time per edge, for total expected time O(n), also by lemma 2.
In section 7 it is proved that by scaling the size of each phase correctly, the total expected
time for al tree queries during a phase becomes linear in n, and thus step 2.1.1 will also
take expected time O(n). Thus the expected overall running time of step 2, and the
algorithm in generd is O(n log* n).

4 Implementation Issues

The above agorithm has been successfully implemented. There are many ways to do so,
and the one described here could be optimized, but is kept general to allow for the
extensions mentioned in section 5. Each point, edge and region is labeled with a number.
There are n points and edges, and initially only 1 region - the empty plane. To avoid
searching trough the memory structures, many structures need lookup functions in both
directions. Locating the trapezoids next to a point needs to be done in constant time
without searching, so there is a structure that remembers where points are in the
trapezoidation. Likewise locating the points next to a trapezoid must also be done in
constant time, so there is a structure going in the opposite direction. Constant lookup time
for al such arraysis assumed.

4.1 Memory Structures

Vertices: For each point in the original polygon we need to keep its x and y coordinates
around.

Edgelow and EdgeHigh: Edgei will generally go from vertex i to vertex i + 1, so thereis
no particular need to store the upper and lower point of each edge. The algorithm often
needs © know about the high or low points of the edges, so having this in a nice format
speeds things up. This will also alow us to nicely generalize the algorithm later.
PointsEdges: Point i will generally have edge i-1 incoming and edge i outgoing, so just as
for EdgeLow and EdgeHigh there is initially not much need for having a complete
structure for this. All PointsEdges are defaulted to i-1 and i, and only those that differ
from the genera rule are actually stored. Again, this structure will alow for some nice
generalizations on the algorithm.

RegionCounter: An integer counting how many regions there are. Initialized to 1, and
incremented each time a new region is added.

Regions. Each region needs to know its boundaries. It knows its neighbors above and
below, and the edges on each side. These structures are updated frequently as more points
and edges are added. Each time an edge is being added, it will split the current trapezoid,
and then choose a region below it to proceed into. In addition each region must know
which leaf it isin the tree, so that anything that splits this region also can update the tree.
The first region is bounded by ¥ and -¥ to the sides, and has no neighbors above or
below. It points to node 1 in the tree.



RegionsAbovePoints One needs to be able to tell between which trapezoids the edges
and points are located. The way this has been implemented is by having each point
remember the trapezoids above it. There might be 0, 1 or 2 edges going up from a point,
s0 1, 2 or 3 trapezoids must be stored. To find the trapezoids to either side of an edge, one
can use a combination of Edgel. ow and RegionsAbovePoints.

NodeCounter: An integer that counts how many nodes and leaves there are in the tree.
Initialized to 1 and incremented by 2 as nodes are split.

Tree: Each node in the tree is either a vertex; an edge; or aleaf representing a trapezoid.
The nodes must know their type, the edge- leaf- or region number, as well as their two (or
none) children. The initial tree has just one leaf pointing to the initia region.
PointsAdded: An array of length n all initialized to false. Each time a point is added to the
trapezoidation its value is changed to true. This ensures us that no point will be added
twice, once for each of its two edges.

PointsTreePosition: After the completion of each phase points are located in the
trapezoidation, so they can easily be found in the tree. The leaves arresponding to the
region found are stored in this structure.

TrapezoidPosition: A trapezoid can be either inside or outside the polygon. These are not
found until after all the edges have been added.

SegmentOrder: A list that contains the order in which to add the edges. This list is a
random permutation of the integers from 1 to n.

4.2 Edgeaddition

The first step to perform is to create a random permutation of all the edges. This is done
by an internal piece from Mathematica. Testing shows this to perform linearly. After the
completion of each phase, during step 2.2, the remaining vertices are located in the
trapezoidation by starting from the position of the previous vertex, and traversing
trapezoids until the next location is found. These tasks are relatively simple to implement,
and will not be discussed further.

Given an edge to add, the agorithm first checks PointsAdded to see if the end
points of the edge have aready been added to the trapezoidation. If either one has naot, it
is now added to the trapezoidation. If both should be added they should be added in
random order, to satisfy the assumptions of lemma 1. When finding the correct trapezoid
to add the vertex in, we start from the node in the tree dictated by PointsTreePosition.
This node will probably no longer be a leaf, so the tree is traversed from that node down
until a leaf is encountered. If an encountered node is a vertex, one takes the left child if
the point to be added is higher, and if the node is an edge, one takes the left child if the
point to be added is to the Ieft of the edge. Once the correct leaf is found, the point is
added in the region that the leaf points to. A new region is added which is a copy of the
region where the point was, and the neighbors above and below of these two regions are
updated. The leaf in the tree is transformed into a vertex node and given two children, the
left one corresponding to the old region and the right to the new one. RegionCounter is
incremented by 1 and NodeCounter by 2. Thisis summarized in table 2.

Once both endpoints have been added to the trapezoidation, the edge can be added
between them. To smplify the programming, all edges are added from the top point and
down. Each trapezoid encountered on the way is split in two, the regions and the tree are



Table 2: Point Addition

If point is not added already then
Start from the location in the tree given by PointsTreePosition
Traverse tree downwards until aleaf is found
Change the leaf to a node representing the point, and give it two children
Split the corresponding region in two, make top region’s neighbor
below be the lower region, and vice versa
Make the new regions point to the new children in the tree, and vice versa
Increase RegionCounter and NodeCounter

updated, the correct trapezoid below is found, and this is then split in the same way. By
convention aregion to the left of an edge becomes the |eft child of a node and vice versa.
When an edge is being added, a trapezoid to be split may have one of 18 different
configurations depending on the neighbors of the trapezoid. By querying on the
neighbors of the trapezoid, the configuration could be found and the regions updated
correctly. However, there is aso a need to update the up and down pointers of each
region, so one must consider the possible configurations of the trapezoids following
below. There are 180 different combinations of trapezoids when adding an edge, so it
becomes much easier to generalize and group similar configurations. As aresult there are
severa procedures to do this. SplitCurrent takes the current region, splits it into two and
updates the tree. UpdateFirst will be called after the first splitting just below the top point.
Next UpdateRAPs is called which updates the RegionsAbovePointsfor the points nearby.
FindNextRegion then finds the next region below. After this region has been split with
SolitCurrent, UpdateMiddle is caled to update the neighbors of the new regions, then
UpdateRAPs and FindNextRegion again. Once the last region has been split, UpdateLast
is called to update the regions around the lower point. Thisis summarized in table 3.

Each of these functions work independently of the others, and each has a number of

Table 3: Edge Addition

Let CurrentRegion be the region immediately below the top point
SolitCurrent
UpdateFirst
UpdateRAPSs
CurrentRegion = FindRegionBel ow
While CurrentRegion is not the region immediately below the bottom point
SolitCurrent
UpdateMiddle
UpdateRAPs
CurrentRegion = FindRegionBelow
UpdatelLast




gueries on the neighbors and boundaries of the trapezoid to find the correct way to update
the regions. Two of these will be described in some further detail.

UpdateFirst updates the pointers to neighboring regions just below the top point. If
there is no other edge attached to the top point, this is easy, the one region above should
now point down to the two new regions, and the two new regions should point up the old
one. If there was an edge going up from the point, then the regions on either side should
now get only one reighbor below each, and likewise for the two new regions. If there was
an edge going down from the point, one of the new regions should now have no neighbor
above, the other should have one, and the region above needs to point down to the correct
regions. See figure 4.

@) (b) (©) (d)

Figure 4: The 4 different possibilities for UpdateFirst when the grayed out edge is being added. (a) no other
edge attached to the point, (b) an edge going up, (c) an edge going down to the left, and (d) and edge going
down to the right. Each case requires the pointers of the trapezoids to be updated differently.

UpdateMiddle takes care of updating the regions that are neither just below the top
point, nor just above the bottom point. In the current implementation, this procedure has
been worked in as a part of SplitCurrent. There are too many possible configurations to
describe them all, but one dlight optimization over Seidel’s origina routine will be
discussed: When edges are splitting a trapezoid in two, it sometimes happens that two
regions lying on top of each other now have the same right and left boundaries, and in
fact should be just one trapezoid. See figure 3 (c). Seidel proposes to go back to stitch
such regions together after the edge has been added. In fact, every splitting of atrapezoid
due to an edge, apart from the first trapezoid below the top point, will create two regions
that should be merged. Whenever the edge is traversing a horizontal ray, the ray must be
cut off on one side, and two regions merged. Recognizing this, one does not have to
create anew region at al, it is enough to extend a region from above down to the current
level. By doing this, a second run through the trapezoids can be avoided, and much
overhead eliminated. When this is being done, one needs to take care to update the tree
correctly. The currert trapezoid will be split in two, and there must be two children of its
node in the tree. One of these will now point to an already existing leaf, so strictly
speaking the tree is no longer a proper tree as it may have multiple paths to a leaf. See
figure 5 for an example of this.

Each one of these procedures called during an edge addition will update regions and
the tree, and after the entire edge has been added, all of the following memory structures
should have been changed or updated; RegionCounter, NodeCounter, Regions, Tree,
RegionsAbovePoints and PointsAdded.
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Figure 5: An example of the tree structure. 5(a) shows the tree after the edges of 5(c) have been added,
and 5(b) that after the edges of 5(d) have been added. For vertices, blue means above, and green below,
for edges, blue isleft, and green is right. Note how adding edge E2 creates two branchesto region L6.

@ ©

® [ ® [\
© ©
® ®

© (d)

G

Once all the edges have been added the rest is relatively easy. By always putting the
new region after a point addition below the old region, we can be assured that the
topmost region is still number 1, and outside the polygon. Starting from this region, and
vigiting al its neighbors and their neighbors recursively, we can check off al the
trapezoids outside the polygon. No trapezoid from the outside will have a neighbor inside.
Now considering only the inside trapezoids, we can find those that have boundary points
on opposite sides, and draw diagonals between these. As previously mentioned the
polygon will now be partitioned into monotone mountains, which can easily be
triangulated.
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5 Generalizationson the Routine

The routine described above takes as input a simple polygon and returns a triangulation
of the polygon. There are several ways the existing routine can be modified to be more
general or perform better.

51 SimpleGeneralizations

The algorithm already uses a tree structure to locate points fast in the trapezoidation.
Once the polygon is finished, and al trapezoids marked as inside or outside, this tree
structure can be used to tell, in expected logarithmic time, whether apoint is inside or
outside the polygon, and which trapezoid it is in. Seidel mentions this in his paper, and
this was fairly easy to implement. The routine now returns a list representing the tree
structure, and another procedure can use this structure to efficiently test whether new
points are inside the polygon or not.

More than just one polygon at a time can be triangulated. The only place where
connectivity of the edges is assumed, isin the fast point location at the end of each phase,
step 2.2. If we alow for several non-intersecting polygons, these too can be triangul ated.
The first point of each piece will have to be found through the tree only, as we can no
longer use the connectivity to traverse the trapezoids. Seidel shows how a trapezoidation
of several connected pieces can be computed in expected time O(n log* n + k log n),
where k is the number of such pieces. This too was implemented without too much
change in the initia program. In implementing this, the genera structure of EdgeHigh,
Edgel ow and PointsEdges comes in handy, as it now no longer is so certain that edge i
connects vertex i and i+1. The last vertex of polygon 1 will now connect to vertex
number 1 instead of the next vertex in the input sequence, which would be the first vertex
of polygon number 2.

Figure 6: Triangulation of multiple polygons with varying
triangle depth. Yellow is depth 1, and magentais depth 2.

Given severa polygons, some of which
may be inside others, there can now be different
depths to different triangles. See figure 6. The
depth is defined as the minimum number of edges
one has to cross to get to that triangle, starting
from infinity. Making the depth of each triangle
part of the output function is easy too: Modify
TrapezoidPosition, which used to tell whether trapezoids were inside or not, to
TrapezoidDepth. Initialize al of these to -1. Create two new empty lists, ThisDepth and
NextDepth. We know region 1 is outside, so we put it in ThisDepth and set the current
depth to be 0. Now recursively mark all of the neighbors of the regions in ThisDepth with
the current depth. Each time an edge different than £¥ is encountered, cross it by using
EdgeLow and RegionsAbovePoints, and if the trapezoid on the other side has depth -1,
add it to NextDepth. Once this recursion is completed, copy NextDepth into ThisDepth,
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empty NextDepth, and start over. This is repeated until no regions were added to
NextDepth, and summarized in table 4. When it is al done, each region will have been
visited once, and given its appropriate depth. A ssimple analysis shows that this can be
done in time linear in the number of trapezoids, which is linearin n.

Table 4: TrapezoidDepth

Initialize array of depths of regionsto -1
Let CurrentDepthbe O
Create two empty lists, ThisDepth and NextDepth
Add region 1 to ThisDepth
Repeat until no regions were added to NextDepth
Recursively visit al the neighbors of al the regions in ThisDepth
Give each visited region depth CurrentDepth
Find the region on the other side of both edges of the region
If thisregion currently has depth -1, add it to NextDepth
Let ThisDepth = NextDepth, and empty NextDepth
Increment CurrentDepth by 1

5.2 Intersections

So far al that has been discussed has been ssimple, nonintersecting polygons. The world
is often more complex, and the question becomes whether it is possible to use this
algorithm to triangulate self- intersecting polygons. The answer is that it is possible, but
some new memory structures are needed. The general extended algorithm will be
presented first, then the new needed structures.

A single trapezoid can only have one edge as its boundary on either side. This
means that we will have to treat intersections as points bounding the trapezoids, or a
trapezoid might extend across an intersection and have two boundary edges. Let | be the
number of intersections between edges, and m the number of points plus the number of
intersections; m = n + |. Running time and memory usage of the algorithm will now be a
function of minstead of n. Note that | is bounded by 1/2 n?.

The extension of the algorithm is still fairly straightforward. When traversing
trapezoids during the addition of an

Eir?;r:zzl:anon a edge, we can no longer choose the
self-intersecting :[lrapezoid below ba%d smply on a
polygon. left of” query with the lower point
of the edge being added, we need to

first check if one of the two edges
of the trapezoid should have been
intersected. Sometimes we will
choose a region below, but
sometimes we need to intersect an
edge before we reach that region.
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Although this conceptualy is relatively smple, we now have to use divisions for the
comparisons, and at this point it becomes very important to watch for roundoff errors. If
we find that we should really be on the other side of an edge, we need to intersect that
edge. The intersection point is found, and two new vertices added. The reason for adding
two vertices is that when splitting the edge we intersect in two, we obtain four pieces of
edges all ending at the same point. If we add two vertices, each vertex will have only two
edges, and it is possible to traverse a polygon by edges and vertices only, and the rest of
the routine can remain relatively unchanged.

(@ (b)

Figure 8: Intersection of edges: (a) just before intersection and (b) just after intersection. Two new points
have been introduced, and regions on both sides have been split. Note that the two points have the exact
same coordinates.

When finding an intersection point, two new vertices are added. One in the
trapezoid we were just in, the other one in some trapezoid on the other side of the edge.
There may be more than one trapezoid on the other side of the edge, consider crossing the
rightmost edge of figure 3(c) from the right. It then becomes necessary to find the correct
trapezoid, and since we want the time taken for edge addition to be constant, this ought to
be found in constant time too. We only know the regions above the lower point of the
edge, and we need to start searching for the correct trapezoid from there. Note that lemma
2 no longer holds; points have been introduced at intersection points, so the number of
points does not have to be linear in the number of edges added. In section 6 it is proven
that a similar result as that of lemma 2 holds for intersecting polygons too. This will
allows us to expect the number of rays between the two end points of the edge to be
constant, and therefore also the number of trapezoids we need to search through. Thus we
can find the correct trapezoid in expected constant time, by crossing only an expected
constant number of rays.

Before intersecting there were just two edges, and there are now four, so two of
these edges will be new ones, and it is necessary to update the regions that have these
edges as part of their boundary to point to the new edge. Of the same reasons as above,
this too can be done in expected constant time for each edge. Once we have completed
the updating, and moved to the opposite side of the intersected edge, we can continue
traversing trapezoids downwards towards the bottom point.
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If we are to be entirely general, we should aso alow for collinear, overlapping
edges and multiple vertices or intersections at the same location. The existing framework
is not sufficient for allowing this. The problem arises when we have to find the correct
way to the endpoint, when the nearby vertices all have the same coordinates. Consider the
problem of severa collinear and overlapping edges. In order to get the depth correct, we
have to add al of them into the trapezoidation. This requires us to have trapezoids
between the edges, even though these trapezoids have zero width. Let us say that we are
currently adding an edge in the trapezoid between two overlapping and collinear edges.
(Figure 9.) Let us further assume that both of these extend further down than the edge we
are adding, and the current trapezoid extends down below the end point of the current
edge too. In order to make sure all the trapezoids have the correct neighbors, we need to
add the current edge all the way to its endpoint, which would be on the other side of one

Figure 9: Overlapping edges. of the edges Thus \-Ne need, in
When adding a third edge expected constant time, to be
between two overlapping able to tell whether we should
edges, it becomes necessary ~ Cross the left or the right edge.
to tell wherethe end pointis  Note that in general there might
Eyofglﬁéogl‘:?ﬁrgj;yés g beafunction of n edges on either
the point havethe sar%e X- sde, so W? cannot rely _OI‘I
coordinate. searches to find where the point
isin expected constant time.

This problem can be solved by giving each point a unique position number. If two
points have the same coordinates, then the position number will determine which one of
them is considered to be higher. This becomes an extension of the lexicographic ordering
of points to include points at the same location. When adding a new vertex with the same
coordinates as an existing vertex, if the position number is lower, we will add it above,
and if the position number is greater, it will be added below. Deciding whether to add the
point in figure 9 to the left or to the right of the two existing edges with the same x
coordinate can be done by comparing the position number of the point to that of the
endpoints of the edges. By assigning position numbers randomly to the vertices, we can
be assured that it is equally likely that the this point will be added to either side of either
edge. In practice position numbers are given by creating a random permutation of the n
vertices, in the same way edges are randomly ordered. In the current implementation,
these two random lists are in fact the same, which can have the unfortunate consequence
of increasing the time bound for some very specialized input.

In the Situation in figure 9, since the point has been added to the right, it would have
to have a greater position number than both the edges, and we would know that we would
have to intersect the right edge to get to it. This also means that overlapping edges are
treated in just the same way as smple intersections are treated, and we need not worry
about specia casesin the running time analysis.

We have to take care that when we intersect edges, the two new points introduced
are given correct position numbers. If the intersection happens at the same location as an
already existing vertex, the new vertices should be given position numbers that reflect
their relative position to the edge that is intersected. In the example above two new
vertices would be introduced in order to cross the rightmost edge. The left vertex would
be given the number of the lower vertex of the intersected edge, and the right vertex the
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same number as the end point of the edge we are adding. This ensures that we also later
can find our way by looking around us only locally.

When an edge being added is going over the location of an already added vertex,
position numbers are again used to determine whether the edge should go to the right or
left of the vertex. If instead of a single point, we hit an intersection straight on during the
addition, it would be extrawork to intersect both of the two edges, one by one, in order to
get across to the other side. By squeezing the edge we are currently adding between the
two existing vertices, we do not need to intersect either edge, we can get away with a lot
less overhead. Thus the number of points introduced per intersection is not a constant, but
it will never be more than two for crossing a single edge. See figure 10.

I

(a (b)

Figure 10: Multiple intersection of edges: (a) just before intersection and (b) just after intersection. Only
one new point has been introduced. Note that all three points have the exact same coordinates.

Note that the choice of introducing two new points at an intersection now pays off.
Since no point will have more than two incoming edges from above, RegionsAbovePoints
will still have at most 3 regions stored, and we can still ook at all of them in constant
time without worrying about how long time it will take to search through this memory
structure.

Two new memory structures are introduced to handle intersections:

PositionNumber: As explained, a random number for each vertex to determine where it
goes relative to other vertices with the same coordinates.

OriginalHigh and OriginalLow: If there are many points at the same location some edges
will now go between two points with the exact same coordinates. It then becomes
impossible to perform “left of” queries on the edge, so we need to remember in which
direction the edge is going. Remembering the points in the initial polygon the edge is
lying between takes care of this. This also reduces the chance of build-up of roundoff
errors. If we were to calculate new intersection points based on previous intersection
points instead of on the original polygon, the previous intersection points would have an
error associated with them, and the new intersection we calculate might have an even
larger error.

Once we have handled intersections, we are no longer in need of polygons to create
triangles deep inside a structure. Given three intersecting lines, there will be a triangle
between them, and a triangulation of lines as well as polygons makes sense. It is now
trivia to extend the algorithm to take lines as valid input as well. Normally winding
numbers, a function of the orientation of all the polygons containing it, determines the
depth of atriangle. Thiswill no longer give the correct answer as it fails to take lines into
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the equation. The way depth is implemented now becomes essential for getting a good
answe.

The issue of exactly what a triangulation of intersecting polygons means now
becomes important. There is no agreed upon definition of this in the literature, and many
different definitions can be made. Regardless of how the triangulation is defined, the
algorithm described above will compute the unique and well-defined trapezoidation, and
from this, with only minor modifications to the routine, almost any kind of triangulation
can be obtained. For the purpose of my implementation, | have chosen to define a
triangulation in terms of the depth of a simple polygonal region. Each region bounded by
edges in the origina polygons will be triangulated as if it were a ssmple polygon, and
each triangle resulting from this will have the same depth as the region itself.

The implemented algorithm has been successfully enhanced to take very generd
input. Polygons are specified in terms of a list of vertices. It is always assumed that the
last point is connected to the first point, if these two are the same, the last point is deleted.
The oriertation of a polygon is irrelevant, and it can have any kind of degeneracies such
as intersections, collinear and overlapping edges and multiple vertices at the same
location. Lines are specified as polygons of lengh two. The algorithm can take any
combination of these, each specified as one element in a list, with any number of
degeneracies between them. The output
of the routine is a set of triangles, each
one with its own depth, the three
vertices of the triangles being either
vertices from the input, or points where
edges intersect.

Figure 11: A genera
triangulation of multiple
polygons and lines.

6 Complexity Analysis

Most of the memory structures are linear in the input size, since there is one dot of
constant size for each point or edge. The number of trapezoids is linear in the number of
points, so the Regions structure is of linear size too. The tree has a leaf for each trapezoid,
and is therefore linear in the number of such. Thus the memory needed for the
implementation is strictly linear in the number of points. For simple polygons, memory
useis O(n), and for intersecting polygons it is O(m).

For now, let us be concerned with the running time of a single simple polygon only.
By lemma 2, the updating of a point during step 2.2 is expected to be constant. Start at a
point which has a known location in the trapezoidation, update point by point of the
polygon by tracing each edge from a point for which the location is known to the new
point. Each edge is expected to hit at most a constant number of trapezoids, so if the
initial point in the polygon is known, this takes expected time O(n) to do for all the points.
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Given log* phases, each point will have its location updated at most log* times, and
the point updating for all points takes at most O(n log* n) time. The addition of each edge
takes expected constant time plus the time taken to find the new location of the points
through the tree, given their last known location. All we need to show is that given a
correct division into the log* phases, the total expected time of the tree search is linear
during each phase. If we can show this, edge addition for all edges will take at most
expected O(n log* n) time, which will be the overall expected running time of the
algorithm.

Lemma 3: If edges are added in a random order, then after i edges have been added the
expected query time to find a point in the tree will be O(log (i / j)), wherej is the last time
the point update of step 2.2 was performed.

Proof: All nodes added after edge j in the tree are expected to be equally distributed
between the leaves of the old tree from stage j. The number of regions at stage i is linear
in i, so an expected O(i - |) regions have been added across the j old leaves. This tells us
that an expected O((i - j) / j) = O(i / j) nodes have been added to each one of the old
leaves, and the query time to find a new leaf starting from one of the old ones will
expectedly be O(log (i /)) by lemma 1.

Let lodf denote the g-th iterated logarithm, i.e. lod a= a, log' a=log a, logf a =
log log a, and so on. Log* n is then the smallest integer q such that log n £ 1.°> During
phase p, let us add edges from the randomized sequence starting from n / lod”* n, and
ending at n/ log® n. Phase 1 will then start at edge number n/ lof n=n/n =1, and the
last phase (p = log* n) will end at edge number n/ 10d°® " n3 n, since lod®® " n £ 1. In
the implementation, the last edge added of each phase is the ceiling of n / lod® n, with the
last phase ending at the n-th edge. When adding the i-th edge during phase p, the tree
search will be of expected time O(log (i / j)) wherej now equalsn / lod* n. O(log (i /j))
=0O(log ( / (n/ lod* n))) = O(log (lo®* n* i/ n)). Since i £ n, each point location
during phase p will expectedly cost O(log lod”* n) = O(lod® n). Since phase p ends at
randomized segment number n / lod n, the total expected cost of point locations during
phase k will be at most O((n/ log’ n) * log® n) = O(n).

The cost of adding an edge is expected to be constant by lemma 2, so the addition
of the edges during a phase once the locations of the points are found will be sub-linear.
The total work done during any phase is then expected to take at most linear time. The
total expected time of adding the edges will then be O(n log* n). As shown above thisis
also the time taken to update the positions of the points. For a more detailed proof, see
[Seiddl].

Seidel aso proves that the expected time for several nonintersecting ssimple
polygonsis O(n log* n + k log n), where n now refers to the total vertex count, and k is
the number of such polygons,. The increase in the bound comes from locating the first
point in a polygon. If polygon i has not had any of its edges added into the trapezoidation
yet, finding the first point of polygon i during the update after each phase will take
expected logarithmic time in the number of edges added already, by lemma 1. The

® Some authors define log* n to be the largest integer q such that log® n 3 1.
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number of edges added may be of O(n) for an expected search time of O(log n), and there
are k polygons. This can easily be decreased by noting that at least one of the polygons
must always have an edge added during the first phase, and thus there are only k-1
polygons left that must be looked up in the tree structure for an expected bound of this to
be O((k-1) log n). A further decrease can be achieved by requiring that the k first edges
added be from k different polygons. As long as these k first edges are added in a random
order, all possible permutations of the tree after the first k edges will till be equally
likely, and lemma 1 still holds. Now the first point in each polygon can be found through
the tree faster since the tree has not yet grown too big when these points are being added.
The total expected time of inserting polygon i, as one of the first k edges, into the
trapezoidation then becomes O(log i) for each of k polygons. O(log i) = O(log k), so the
expected sum of this over all the k polygons becomes O(k log k). The result is that the
expected running time with k simple polygons is O(n log* n + klog k). Asano et 4.
proved in 1984 that the triangulation of simple polygons with holes is W(n log n). This
result still holds, but if the number of polygons is not O(n), it can be reduced as shown
here.

It still remains to show that the time bounds also holds when the polygons are
allowed to intersect. None of the extra vertices introduced at intersection points have to
be searched for through the tree, as they are added in as soon as they are found. The
update after each phase thus needs to update the same number of points. What changesis
the number of vertices in the trapezoidation, and thus also the number of horizontal rays
and the number of trapezoids, so lemma 2 no longer holds. With | intersections, edge
addition will no longer be constant with respect to the number of edges added, but rather
to the number of points in the current trapezoidation, including intersection points.

After the addition of the i-th edge, due to the random ordering of the edges, the
expected number of intersections in the current trapezoid will be O(i / n* 1), where | is
the total number of intersections. At any point in the algorithm there will then be an
expected number of O(i / n+ 1/ n* 1) points added, and the expected number of
trapezoids split by an edge increases from O(1) to O(I + 1). Thiswould lead to an overall
algorithm of expected running time O(nl log* n + k log k), far from the near-linear we
started out with.

Notice however, what would happen if we knew the number of intersections ahead
of time. We would treat each intersection as a point, and have atotal of m= n + | points.
The intersection points would not have to be updated at the end of each phase, so we can
still assume the same connectivity of the polygons at this stage as before. The expected
running time would be O(m log* m + k log k), which is easy to smulate. Before the end
of each phase, we calculate the expected m based on the number of intersections seen so
far, and if the new expected value is greater than the previous value, we extend the length
of the phase correspondingly. During the first phase, our expected value for m will be n.
We will be adding in edge by edge, but in order to determine when to end a phase, we
will not look at how many edges have been added, instead at the number of edges added
plus the number of intersections found. Once all the edges have been added we are done,
even if we have not completed the last phase.

The extension of lemma 1 is straightforward, the depth of the tree will now be a
function of the number of edges in the trapezoidation, not of the number of edges added
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from the original polygon. We also need to show that the equivalent of lemma 2 still
holds:

Lemma 4: If edges are added in a random order, if there are i edges in the trapezoidation,
the expected depth of the tree will be O(log i).

Proof: Asthe proof of lemma 1.

Lemma 5: If edges are added in arandom order, if there are i edges in the trapezoidation,
the expected number of rays intersecting an edge not added is at most 4(j+1), where j is
its number of intersections with other edges.

Proof: As the proof of lemma 2. If there are i edges in the trapezoidation, there are at
most 2 points, and at most 4 horizontal rays, each of which may abut upon one other
edge. Any ray is equally likely to abut upon any edge, and the expected number of rays
abutting upon an edge is at most 4. The number of horizontal rays that an unadded edge
will intersect is the same as the number of rays that would abut upon it if it were added
next. If it were added, it would split into j+1 edges due to its intersections, and the
expected number of rays hitting these j+1 edges would be at most 4(+1).

By caculating the expected value of m we can therefore reduce the expected
running time of the algorithm. We change from phase to phase depending on how many
edges there are in the trapezoidation, not depending on how many edges we have added
from the origina polygon. We count from 1 to m, incrementing each time we start adding
a new edge, and each time we intersect an edge. The agorithm from section 3 is
generaized here, now with n replaced by o = E(m). The actual number of phases done
will not be known until the last phase is completed.

1. Generate arandom ordering of the edges and PositionNumber
2. Fori=1tolog* o phasesdo _
2.1 While there are fewer than o/ lod o edges in the trapezoidation
Add the next edge from the randomized ordering by
2.1.1 If end points are not added, find them in the tree and add them
2.1.2 Add the edge between the two end points
2.2 Recalculate o. If 0 increased then goto 2.1
2.3 If there are more edges to add then
L ocate the remaining points in the tree by tracing edges through trapezoids

Step 1 is unchanged. Step 2.3 will take expected time O(j+1) for each edge, for an
expected running time of O(number of edges and intersections not in the trapezoidation)
= O(m). Step 2.1.2 will take expected time O(j+1) time per edge, and add j+1 edges to the
trapezoidation, for a total expected time of O(m). Step 2.1.1 takes at most expected time
O(log (r/9)) by lemma 3, wherer is the number of edges in the trapezoidation, and sis the
last time step 2.2 was performed sisat least 0/ Iog o, and r a& most o, for at most
expected time O(log (0 / (0 / log™ 0)) = O(log (lod™* 0)) = O(log o) for each point. Phase
i ends at edge O(0 / log 0), so the expected running time is at most O((o / lod o) * lod 0)
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= 0O(0). We are dealing with the expected running time, so since o = E(m) we can replace
o by m, for an expected running time of step 2.1.1 of at most O(m). o can only increase if
step 2.1 adds at least one edge, so step 2.2 will be performed at most n times. Step 2.1
and 2.3 are performed log* o times, and since o0 = E(m), this leads to an overall expected
running time of O(m log* m).

The expected value of m can easily be calculated through calculating the expected
value of |. For each possible edge intersection among the first i edges, the chance of
finding an intersection there is equal that of finding an intersection between any other set
of edges, again due to the random ordering of the edges. From this we expect the ratio of
the number of such intersections found to the number of possible intersections to be
constant. After i edges, there are atotal of 1/2 i(i-1) possible intersections; each edge can
intersect any other edge already in the trapezoidation. If after i edges we have found |
intersections, we expect the ratio j / i(i-1) to equal the ratio after al the edges have been
added, i.e. | / n(n-1). Solving for | we expect that | = j * n(n-1) /i(i-1), and we have a
formula for 0. The standard deviation for this estimator has not been found, and it might
be possible to find some other way of estimating m that will be practically better.

It only remains to show that multiple polygons are not affected by possible
intersections. Remember that the k log k part of the running time was got from summing
log i over k polygons. But now there might be more than i points in the trapezoidation
when we add the i-th edge. Up to 1/2 i2 extra points might have been added, so now we
need to sum over log (i + 1/2i?) instead. Fori > 1,i + 1/2i? £ k? since i £ k, and the sum
of k terms of log k? = k log k? = 2 k log k. The expected cost of looking up the locations of
the first k edges added from the tree is then O(k log k) as before.

It has then been shown that even for very general sets of intersecting polygons, it
is possible to triangulate them in near-linear time in the number of points and
intersections. The number of intersections may be quadratic in n, so worst-case behavior
is O(n? log* n). For most redistic cases both the number of intersections, and the number
of different polygons is small when compared to the number of vertices, so this till runs
in near-linear time in n. In the worst case the algorithm runs in near-linear time in m.

Although constantly checking for intersections and updating o does not decrease the
asymptotic running time of the algorithm, it does decrease the actual running time. In
order to avoid this, it is left as an option for the user to determine whether the procedure
should be checking for intersections or not. This can improve running time in the cases
where it is aready known that the input is non-intersecting.

7 Mathematicaimplementation

The program has for the most part been implemented as described above, although in
some places the description is somewhat simplified, or | have chosen more descriptive
names of procedures. There are also parts of the generalized algorithm that have not been
fully implemented yet. This section shows how some more specific implementation
choices have been performed.

The output of the program is not a set of triangles. The actua output is an object of
type TriangulatedPolygon that contains a number of different elements. By passing this
object as an argument to different functions, the wanted output can be obtained. Any such
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object contains; (@) the initial polygon, (b) the resulting set of vertices, including the
intersection points, (¢) the number of intersections, (d) the triangulation given as a set of
triplets pointing to vertices of (b), (e) the depth of each triangle, (f) the tree structure for
gueries on the depth of points, and for debugging purposes (g) the order in which the
edges were added and (h) timing data.

Various procedures operating on a TriangulatedPolygon object allows the user to
obtain any of the above data structures, or to use them for other purposes. PointDepth
takes a TriangulatedPolygon and a point, and determines the depth of the point. This can
also be used to tell whether a point isinside the polygon or not, if the depth is O, the point
isoutside. Severa graphics procedures can take both polygons and TriangulatedPolygons
as input.

The user has a number of different options available to him. As mentioned earlier,
it is possible to specify not to check for intersections, which will make the agorithm run
faster, and will require a lot less computations on the way. If there are intersections
anyway, the algorithm risks halting or running into infinite loops with no warning signs.
If the algorithm does not return correctly, it is possible to abort it and call it again to
obtain the order the edges were added in so the error can be tracked down. It is also
possible to check for intersections, but to abort the algorithm if intersections are found,
effectively making this a near-linear polygon intersection test. For testing purposes it is
possible to specify the order in which the edges should be added. The floating-point error
term can be defined, through experimentation | have found 10%° to be a practical constant,
so thisis the default. A variety of different print statements are automated from within the
routine. By turning various flags on, the algorithm will output step by step what it is
doing. Some of these flags are for edge additions, point updates, intersects, or monotone
mountain triangulation. In addition there are two flags which will cause the routine to
output graphics of the procedure. MovieQ shows the current trapezoidation after each
edge addition, after diagonals have been found and during the triangulation of monotone
mountain. TreeQ shows a graphical version of the tree as it is being built. The result of
this is movies showing step by step how the algorithm operates.

There is graphical output for a variety of different purposes. Showing the polygon,
the trapezoids, the trapezoids and diagonals, or the entire triangulation are all possible. A
graphics procedure that shows the relative depth of all the different triangles has been
written. Tree structures can also be output graphically, both the lookup tree, and the tree-
like structure of the neighbors of a region. Combinations can easily be obtained, such as
the depth structure of a polygon along with a point, to visually check whether PointDepth
returns the correct value. Automatically plotting the timing data of TriangulatedPolygons
is also avallable. Most of the graphics contained in this paper was automatically
generated using these routines.

All of these procedures have been implemented, but could still be improved upon.
The implementation is not intended to be an industrial strength triangulation routine, but
rather a tool to experiment with and to check real-time running times of the algorithm.
This aso holds for the rest of the routine, many parts could be further optimized to run
faster, but the actual speed is not the main issue.

It should be noted that asymptotic running time for self-intersections is not
O(m log* m), but actually O(n? log* n). The reason for this is that step 2.2 and 2.3 have
still not been written for the general case. FindNextRegion is probably the most complex
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part of the entire implementation®, and since the algorithm was developed paralle to the
implementation, it is not a modular part. Point updates through tracing trapezoids is very
similar to actually adding an edge and finding the next region through FindNextRegion,
so this is possible to implement without changing anything else in the implementation.
However, the point update cannot assume that the last region was split in two by an edge
being added, and needs to be able to trace both upwards and downwards, so there is a fair
amount of work to be done to write this correctly. Timing data shows this to have a
negligible effect on polygons up to at least 1500 vertices.

There are afew other issues that are still not in final working order. If both points of
an edge must be added in, they are always added top point first, not in random order as
they ought to be. This does not change asymptotic running time, but might worsen actual
running time dlightly. Also, vertices that should be added on top of an already added edge
are added in a region next to the edge. Currently the vertices are added as if they were
sitting next to the edge, and not on top, i.e., in the final trapezoidation, it will be possible
to move up and down through the neighbors of the regions trapezoids on both sides of the
vertex. In figure 9, it should not be possible to move up and down to the left of the point
since, technically, there is nothing between the point and the line. This will not change
the fina trapezoidation or triangulation, but it might affect the depth of the regions,
although | have still not seen this happen in any triangulations. Lastly, some of the
manipulations of the random edge ordering in step 1 is done with lists. To get each
different polygon to have one of its edges added among the first k edges, some runs
through these lists are performed, and constant lookup time must be assumed to ensure
this is linear. These lists should probably be changed into arrays to accommodate this.
However, timing data shows that the randomization is entirely negligible for practica
values of n, so this has still not been implemented.

8 Practical Results from the Mathematica | mplementation

This routine was not written in order to perform as fast as possible, it was
implemented in order to perform tests and experiments with it. Some of these
experiments have resulted in an optimized and generalized algorithm, as discussed in
earlier sections. This section shows the actual performance of the implementation, and
how it compares to similar already existing routines in Mathematica.

Wolfram Research has created a O(n log n) polygon triangulation routine (see links).
Their implementation uses Mathematica list structures instead of trees, so actual
asymptotic performance would be O(n?), although with very small constants, so for most
practical values of n the performance is close to O(n log n). Stan Wagon has implemented
the O(n®) recursive ear clipping routine. Figure 12 shows how these routines compare for
random polygons’. My implementation uses significantly more memory than either of the
other ones, and at about n = 1500 the computer the tests were performed on starts using
swap files for the memory, and time comparisons would no longer be valid. For polygons
of this size the fastest routine is clearly the O(n log n) one, but a a size of about 3000

6 Inthe actual code this procedureis called UpdateCR.
" Random here refers to polygons turned at random angles. All three routines perform differently for the
same polygon, depending on the angleit isinput with.
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vertices it starts increasing faster than my routine. Comparison to Mathematica's routine
at a stage before intersections were introduced was much more favorable to my routine,
which tells me that even though it is left as an option to the user to turn such checking off,
the option is still not working perfectly.

Ti ne Time

Si ze Si ze
25 50 75 100 125 150 175 200 200 400 600 800 1000 1200

(@ (b)
Figure 12: Comparison of different routines. Red is O(n®), Black is my implementation, and blue
Mathematica’'s. Note the differing x-axis.

Figure 13 is a breakdown of the implementation. Magenta shows the time needed
for creating a random order of the edges, while blue indicates the time taken for
computing the trapezoidal decomposition of the polygon. The green line is a measure of
how long it took to remove al the trapezoids on the outside of the polygon from
consideration. The final steps of the algorithm, that of dividing the trapezoids into
monotone mountain and triangulating them, both of which are done at the same time, is
shown in red, and the total time is depicted in black. Also notice that the running time
seems to be very closeto linear in n and m, as should be expected.

The Mathematica implementation of polygon triangulation also contains a
procedure to decompose nontsimple polygons into a set of simple polygons. Figure 14
shows a comparison of this routine with my implementation. The polygons are generated
as a list of random points in the unit square for this test. Note that this comparison is
unfair to my routine, as Wolfram Research’s routine only returns a set of non-intersecting
polygons, while my routine triangulates them too. The horizontal axis is the number of
edges plus the number of intersects, or m.

| was unable to get hold of another routine for triangulation of polygon with holes.
Figure 15 is a test on a set of random polygons with a total of 60 vertices, where the
polygons are allowed to intersect. The horizontal axis corresponds to the number of
polygons. The triangulation time is relatively unchanged by the number of polygons.
Each polygon is generated randomly as those for figure 14.

Human generated self-intersecting polygons can be quite different than random
ones. For random polygons it aimost never happens that two edges are overlapping, or
that more than two edges intersect at the same point. This can happen quite often for
human generated polygons. If polygons coordinates are restricted to integers only, the
chance of degeneracies also increases. Testing shows that these polygons perform very
similar to entirely random polygons. It is not possible to get a representative sample of
non-random polygons, so a graphical comparison has not been done.
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Figure 13: Breakdown of the routine.
Simple polygons (a) asafunction of n,
and self-intersecting polygons (b) as afunction of m.

@ Magenta: Randomization
Si ze
Ti e 200 1000 1200 Blue: Trapezoidation
Green: Removal of outside trapezoids
Red: Monotone mountain triangulation
Black: Total time
(b)
1000 1200
Time
Figure 14: Comparison of decomposition of
self-intersecting polygons as a function of m.
Blue: Mathematica s polygon decomposition
routine
Black: My polygon triangulation routine
1000 1200
Ti me

Figure 15: The effect of multiple polygons.
60 random vertices are divided into several

polygons and triangulated. The horizontal

axisis the number of polygons.
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9 Noteson theimplementation

This implementation is a tool for theoreticians, not a practical routine for fast
triangulation. If you want to triangulate simple polygons in Mathematica, you should use
Wolfram Research's own triangulation routine, although it performs an asymptotically
dower line sweep routine in O(n log n), it works faster for most practical values of n. If
you want to triangulate polygons industrialy, you should use the code written by
Narkhede and Manocha. They wrote a C++ implementation of the Seidel's algorithm, and
although not quite as generd as the one described here, it will be your best choice if you
can use it.

The current version of the code is not entirely finished. It suffers from having only
one developer and only one user. It also suffers significantly from limited time available
for coding. Currently there is only limited commenting within the code, and Appendix C
is al the documentation available. The size of the code is about 2000 lines, and was
written in Mathematica 3.0. Mathematica 4.0 does run the code, it appears that it gives
the correct output, although this is after a number of error messages have been printed,
but extensive testing in this environment has not been done. If you want to use the code,
you are recommended to use Mathematica 3.0.

There are many ways in which the code can still be improved. Some extra wrappers
could be written, for instance to return all the triangles with the same oriertation, or the
make it possible to extract polygon by polygon (due to intersections these polygons might
be different than the ones in the input) from TriangulatedPolygon. The triangulation can
take polygons and single lines as input, but could be generalized to take strings of
connected lines that do not necessarily form a polygon. It might also be of value to strip
the triangulation of triangles of 0 area. Even if these are removed, the rest of the triangles
will still describe the same polygons. Sometimes overlapping edges create trapezoids of 0
width between them, and these will in some cases end up as part of the final triangulation,
depending on the position numbers of the vertices.

One particularly important aspect of the code that should be written would be some
basic error checking on the input to the various routines. Right now they will try to work
on whatever they are given, and if the input is incorrect or in the wrong order they will
often crash with no hints as to what went wrong. Even though | know all the routines
fairly well, 1 have spent quite a few hours trying to track down errors that were only
caused by me giving incorrect input. Simple programming could check the input for
validity, and tell the user how to do it correctly if the input is incorrect.

There are many ways in which this routine may be optimized. As the generalized
algorithms were developed parale to the implementation, the implementation was not
aways best suited for the fina result, and has been changed many times. While
programming, it often became evident how things could be done practicaly faster or
more efficient, but not al of these ideas have been implemented. Some of the intersect
parts of the code have not been gone through in detail after having been debugged, and |
strongly suspect that some of them are till checking for possibilities that will never occur.
Finaly, the code could be updated to Mathematica 4.0 and optimized for this new
environment.
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10 Conclusion

The am of this project was to study Seidel's algorithm in further detail, to
implement it and try to generalize it and to compare the results to other algorithms. All of
these results have been achieved. A working implementation, which to my knowledge is
more genera than any other implementation with a similar asymptotic time bound, has
been written. Several extensions and optimizations to the algorithm have been developed
and implemented. The expected running time of the final algorithm that has been
developed is O(m log* m + k log k), where m is the number of edges plus the number of
intersections, and k is the number of connected pieces.

One question remains; While the O(k log k) part is the minimum for k connected
pieces, it might be possible to get the running time of triangulating a self- intersecting
polygon down to linear time in m. Algorithms exist that can triangulate simple polygons
in linear time, but it is not quite clear if either Chazelle's or Amato et al.'s routines could
be enhanced to do atriangulation of a self-intersecting polygon in time linear in m. Both
rely on coarse approximations of sub-chains of the polygon, and these approximations
may no longer be valid if the sub-chains can intersect.
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13 Links

This paper and its implementation
Currently undecided.
Will be made available on the web when work on the implementation has finished.

C++ implementation of Seidel's algorithm by Atul Narkhede and Dinesh Manocha at
University of North Carolina at Chapel Hill
http://www.cs.unc.edu/~dm/CODE/GEM/chapter.html

Polygon triangulation package for Mathematica by Martin Kraus at Wolfram Research
http://library.wolfram.com/packages/pol ygontriangul ation/
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